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Abstract
This paper is concerned with establishing necessary or sufficient conditions for the existence of
solutions to evolution equations with fractional derivatives in space and time. The Fujita exponent
is determined. Then, these results are extended to systems of reaction–diffusion equations. Our new
results shed lights on important practical questions.
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In this article, we are concerned with finding sufficient conditions and necessary con-
ditions for the solvability of evolution equations and systems with temporal and spatial
fractional derivatives. In the first part, attention is paid to the evolution problem (STFE):{
Dα0|t u + (−∆)β/2(u) = h(x, t)|u|1+p˜ for (x, t) ∈RN ×R+ =: Q,
u(x,0) = u0(x) 0 for x ∈RN,
where Dα0|t denotes the time-derivative of arbitrary order α ∈ (0,1) in the sense of Ca-
puto [23], (−∆)β/2, β ∈ [1,2], is the (β/2)-fractional power of the Laplacian −∆x in the
x variable; it is defined by
(−∆)β/2v(x, t) =F−1(|ξ |βF(v)(ξ))(x, t),
where F denotes the Fourier transform and F−1 its inverse; the function h(x, t) will be
specified later. The exponent p˜ is strictly positive.
In the first equation in (STFE), (−∆)β/2 is a multidimensional fractal (anomalous) dif-
fusion related to the Lévy flights. The time fractional derivative Dα0|t accounts also for
dispersive anomalous diffusion, characterized by the mean square displacement 〈x2〉 ∝ tα ,
0 < α < 1. Dispersive anomalous diffusion can be derived from CTRW models [19], based
on the assumption of random jump lengths and random waiting times between successive
particle jumps. Important physical applications of CTRW models include diffusion of car-
riers in amorphous photo-conductors, diffusion in turbulent flow, a percolation model in
porous media (α = 1/2) [21], fractal media [26], various biological phenomena [5] and
finance [28]. The contribution [4] is related to fluid dynamics.
In the case α = 1, β = 2, the first equation in (STFE) reduces to the usual heat equation
which is well documented.
In fact, in his pioneering article [8], Fujita considered the Cauchy problem (FE):{
ut = ∆u + |u|1+p˜ in Q,
u(x,0) = a(x) 0 in RN, (1)
where 0 < p˜. If pc := 2N (c for critical), he proved that:
(i) If 0 < p˜ < pc and a(x0) > 0 for some x0, then any solution to (FE) blows up in a finite
time.
(ii) If p > pc , then there exist solutions on Q as well as solutions which exist on RN ×
(0, T ) for some finite T but not on Q. (For this p, not all solutions are global; indeed, if
(1/2)
∫
RN
|∇u0|2 dx − (1/(p+1))
∫
RN
u
p
0 dx < 0, the solution cannot be global [16].)
The critical case p = pc was decided later by Hayakawa [11] for N = 1,2, and by
Kobayashi et al. [14] for N  3.
Later on, Nagasawa and Sirao [20], Sugitani [31], and Guedda and Kirane [9] consid-
ered the problem{
ut + (−∆)β/2(u) = c(x, t)|u|1+p˜ in Q,
u(x,0) = u (x) 0 in RN.0
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Kirane [9] studied the case c(x, t) = c(t). The method of proof in [20] is probabilistic
while in [31] and [9], the approach is analytic.
In a more recent article, Guedda and Kirane [10] extended the previous results to the
equation
ut + (−∆)β/2(u) = h(x, t)|u|1+p in Q,
where h(x, t) = O(tσ |x|ρ) for large |x|.
Finally, Kirane and Qafsaoui [13] treated the more general equation
ut + (−∆)β/2(um)+ a(x, t) · ∇uq = f (x, t)|u|1+p in Q,
which covers in particular the equation considered by Qi [25]
ut −∆(um) = |x|σ ts |u|1+p˜ in Q.
The above cited articles follow either Fujita’s article or the duality argument with a non-
linear capacity estimate. In a special situation, this has been used by Baras and Pierre [2].
A more versatile variant has been introduced by Mitidieri and Pohozaev [18], Pohozaev
and Tesei [24], and then used by Guedda and Kirane [10], Laptev [17], Kuiper [15], and
Zhang [32] (to cite but a few).
To ensure that the problem (STFE) is well posed, the fractional derivative has to be
interpreted in the Caputo sense [23] (also cf. [29] for a justification of the choice of Caputo
derivatives for a nonlinear ordinary differential equation with fractional derivatives).
Our theorems are reduced to the assertion on the nonexistence of solutions. If an exis-
tence result of solutions to the Cauchy problem holds, then the nonexistence of solutions
means that every nonnegative solution blows up in finite time.
To have an idea about ill-posed problems, one is referred to the important contribu-
tions [6,22,27,30].
We recall here some definitions of fractional derivatives.
The left-handed derivative and the right-handed derivative in the Riemann–Liouville
sense for Ψ ∈ L1(0, T ), 0 < α < 1, are defined as follows:
(
Dα0|tΨ
)
(t) = 1
Γ (1 − α)
d
dt
t∫
0
Ψ (σ)
(t − σ)α dσ,
where the symbol Γ stands for the usual Euler gamma function, and
(
Dαt |T Ψ
)
(t) = − 1
Γ (1 − α)
d
dt
T∫
t
Ψ (σ )
(σ − t)α dσ,
respectively.
The Caputo derivative
(
Dα0|tΨ
)
(t) = 1
Γ (1 − α)
t∫
0
Ψ ′(σ )
(t − σ)α dσ
requires Ψ ′ ∈ L1(0, T ).
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(
Dα0|t g
)
(t) = 1
Γ (1 − α)
[
g(0)
tα
+
t∫
0
g′(σ )
(t − σ)α dσ
]
and
(
Dαt |T f
)
(t) = 1
Γ (1 − α)
[
f (T )
(T − t)α −
T∫
t
f ′(σ )
(σ − t)α dσ
]
.
Therefore the Caputo derivative is related to the Riemann–Liouville derivative by
Dα0|tΨ (t) = Dα0|t
[
Ψ (t)− Ψ (0)].
We have the formula of integration by parts,
T∫
0
f (t)
(
Dα0|t g
)
(t) dt =
T∫
0
(
Dαt |T f
)
(t)g(t) dt.
Solutions to problem (STFE) are meant in the following sense.
Definition 1. Let p = p˜ + 1. A function u ∈ L1loc(QT ) (QT := RN × (0, T )) is a local
weak solution to (STFE) defined on QT , if uh1/p ∈ Lploc(QT , dx dt) and is such that∫
QT
u0(x)D
α
t |T ϕ(x, t) dx dt +
∫
QT
h|u|pϕ dx dt
=
∫
QT
u(−∆)β/2ϕ dx dt +
∫
QT
uDαt |T ϕ dx dt (2)
for any test function ϕ ∈ C2,1x,t (QT ), such that ϕ(x,T ) = 0.
The integrals in the above definition are supposed to be convergent. If in the definition
T = +∞, the solution is called global.
Concerning the function h(x, t) we require the condition (H):
h(x, t) Ch|x|σ tρ for x ∈RN, t > 0, Ch > 0.
The assumptions on σ and ρ will be determined through the convergence of certain inte-
grals in the proof (see (3) below). It can be easily seen that no conditions will be imposed
on σ and ρ in case t  t0 > 0, |x| < R and h1−p is integrable in a ball of radius R in x and
radius t0 in t .
1.1. The results
Now, we are in position to announce our first result.
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1 < p  pc = 1 + α(β + σ)+ βρ
αN + β(1 − α),
then problem (STFE) admits no global weak nonnegative solutions other than the trivial
one.
Proof. The proof proceeds by contradiction. Suppose that u is a nontrivial nonnegative
solution which exists globally in time. That is u exists in (0, T ∗) for any arbitrary T ∗ > 0.
Let T and R be two positive real numbers such that 0 < TRβ/α < T ∗.
For later use, let Φ be a smooth nonincreasing function such that
Φ(z) =
{
1 if z 1,
0 if z 2,
and 0Φ  1.
The test function ϕ is chosen so that∫
QT
∣∣(−∆)β/2ϕ∣∣p′(hϕ)−p′/p < ∞, ∫
QT
∣∣Dαt |T ϕ∣∣p′(hϕ)−p′/p < ∞. (3)
To estimate the right-hand side of (2) on QTR2/θ , we write∫
Q
TR2/θ
u(−∆)β/2(ϕ) =
∫
Q
TR2/θ
u(hϕ)1/p(−∆)β/2(ϕ)(hϕ)−1/p.
Using the ε-Young inequality
XY  εXp +C(ε)Yp′ , p + p′ = pp′, X  0, Y  0,
we have the estimate∫
Q
TR2/θ
u(−∆)β/2ϕ  ε
∫
Q
TR2/θ
|u|phϕ +C(ε)
∫
Q
TR2/θ
∣∣(−∆)β/2ϕ∣∣p′(hϕ)−p′/p.
Similarly,∫
Q
TR2/θ
uDα
t |T R2/θ ϕ  ε
∫
Q
TR2/θ
|u|phϕ + C(ε)
∫
Q
TR2/θ
∣∣Dα
t |T R2/θ ϕ
∣∣p′(hϕ)−p′/p.
Now, taking ε small enough, we obtain the estimate∫
Q
TR2/θ
h|u|pϕ  C(ε)
∫
Q
TR2/θ
{∣∣(−∆)β/2ϕ∣∣p′ + ∣∣Dα
t |T R2/θ ϕ
∣∣p′}(hϕ)−p′/p. (4)
At this stage, we set
ϕ(x, t) := Φ
( |x|2 + tθ
R2
)
,
where R and θ are positive real numbers.
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τ = t/R2/θ , y = x/R,
and set
Ω := {(y, τ ) ∈RN ×R+, |y|2 + τ θ < 2}, µ(y, τ ) := τ θ + |y|2.
Now, we choose θ such that the right-hand sides of∫
Q
TR2/θ
∣∣(−∆)β/2ϕ∣∣p′(hϕ)−p′/p
R−βp
′+N+ 2
θ
− p′
p
(σ+ 2ρ
θ
)
∫
Ω
∣∣(−∆)β/2Φ ◦µ∣∣p′(Ch|y|σ τρΦ ◦ µ)−p′/p dy dτ
and ∫
Q
TR2/θ
∣∣Dα
t |T R2/θ ϕ
∣∣p′(hϕ)−p′/p
R−
2
θ
αp′+N+ 2
θ
− p′
p
(σ+ 2ρ
θ
)
∫
Ω
∣∣Dατ |T Φ ◦µ∣∣p′(Ch|y|σ τρΦ ◦ µ)−p′/p dy dτ
are of the same order in R. In doing so, we find θ = 2α
β
.
We then have the estimate∫
Q
TRβ/α
h|u|pϕ CRγ , (5)
where
γ = −βp′ +N + β
α
−
(
σ + ρβ
α
)
p′
p
and
C = C(ε)
∫
Ω
(∣∣(−∆)β/2Φ ◦µ∣∣p′ + ∣∣Dατ |T Φ ◦µ∣∣p′)(Ch|y|σ τρΦ ◦µ)−p′/p dy dτ.
Now, if we choose γ < 0 (that is p < pc) and let R → ∞ in (5), we obtain∫
RN×R+
h|u|p  0. (6)
This implies that u = 0 a.e., which is a contradiction.
In case γ = 0 (i.e., p = pc), observe that (because of the convergence of the integral
in (5)) if
CR =
{
(x, t) ∈RN ×R+: R2 < |x|2 + tθ  2R2},
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R→∞
∫
CR
|u|phϕ dx dt = 0. (7)
If instead of using the ε-Young inequality, we rather use the Hölder inequality, then instead
of estimate (4), we find
∫
Q
TRβ/α
h|u|pϕ dx dt  L
( ∫
CR
|u|phϕ dx dt
)1/p
, (8)
where
L :=
( ∫
Ω1
∣∣Dατ |T Φ ◦ µ∣∣p′(Ch|y|σ τρΦ ◦µ)−p′/p dy dτ
)1/p′
+
( ∫
Ω1
∣∣(−∆)β/2Φ ◦µ∣∣p′(Ch|y|σ τρΦ ◦µ)−p′/p dy dτ
)1/p′
and
Ω1 =
{
(y, τ ) ∈RN ×R+: 1 |y|2 + τ θ  2}.
Using (8), we obtain via (7), after passing to the limit as R → ∞,∫
RN×R+
|u|phdx dt = 0.
This leads to u = 0 a.e. and completes the proof. 
Remark 1. The requirement γ  0, i.e.,
p  1 + α(β + σ)+ βρ
αN + β(1 − α)
provides us with a critical exponent which coincides with the well-known Fujita exponent
in case σ = ρ = 0, α = 1 and β = 2.
Remark 2. The analysis could be performed for more general highly nonlinear equations
such as
Dα0|t (u − u0)+ (−∆)β/2
(|u|m−1u)+ a(x) · ∇(|u|q−1u)= h(x, t)|u|p.
It works also for other more general problems.
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In this section, we show how the method of proof used for the case of one equation can
be carried out for the system of reaction–diffusion equations (FDS):{
Dα0|t (u − u0)+ (−∆)β/2u = |v|p in Q,
Dδ0|t (v − v0)+ (−∆)γ/2v = |u|q in Q,
subject to the initial conditions
u(x,0) = u0(x) 0, v(x,0) = v0(x) 0, x ∈RN,
where 0 < α,δ < 1 γ,β  2.
For simplicity, in system (FDS) the reaction terms are taken equal to |v|p and |u|q . Our
analysis holds good for reaction terms of the form f (t, x)|v|p and g(t, x)|u|q , where the
functions f and g are assumed to satisfy the conditions
f (t, x) C1tω1 |x|d1 , g(t, x) C2tω2 |x|d2
for t > 0, x  1, ω1  0, ω2  0, d1  0, d2  0.
For the system (FDS), we have
Theorem 2. Let p > 1, q > 1. Assume that
N max
{
δ
q
+ α − (1 − 1
pq
)
δ
γ qp′ + αβq ′
,
α
p
+ δ − (1 − 1
pq
)
α
βpq ′ + δγp′
}
.
Then, the system (FDS) (with the initial data) does not admit nontrivial global weak non-
negative solutions.
Proof. Here again the proof proceeds by contradiction. Therefore, let
ξj (x, t) = Φ
(
t2 + |x|2θj
R2
)
, j = 1,2,
where R > 0, θ1 = β/α and θ2 = γ /δ.
The weak formulation of solutions to system (FDS) reads as∫
QTR
|v|pξ1 +
∫
QTR
u0(x)D
α
t |T Rξ1 =
∫
QTR
uDαt |T Rξ1 +
∫
QTR
u(−∆)β/2ξ1
and ∫
QTR
|u|qξ2 +
∫
QTR
v0(x)D
δ
t |T Rξ2 =
∫
QTR
vDδ
t |T R2ξ2 +
∫
QTR
v(−∆)γ/2ξ2.
Using the Hölder inequality, we may write
∫
u
∣∣Dα
t |T R2ξ1
∣∣
( ∫
|u|qξ2
)1/q
·
( ∫ ∣∣Dαt |T Rξ1∣∣q ′ξ−q ′/q2
)1/q ′
QTR QTR QTR
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QTR
u
∣∣(−∆)β/2ξ1∣∣
( ∫
QTR
|u|qξ2
)1/q
·
( ∫
QTR
∣∣(−∆)β/2ξ1∣∣q ′ξ−q ′/q2
)1/q ′
;
consequently∫
QTR
|v|pξ1 
( ∫
QTR
|u|qξ2
)1/q
·A (9)
with
A=
( ∫
QTR
∣∣Dαt |T Rξ1∣∣q ′ξ−q ′/q2
)1/q ′
+
( ∫
QTR
∣∣(−∆)β/2ξ1∣∣q ′ξ−q ′/q2
)1/q ′
.
Similarly, we obtain the estimate∫
QTR
|u|qξ2 
( ∫
QTR
|v|pξ1
)1/p
·B (10)
with
B :=
( ∫
QTR
∣∣Dδt |T Rξ2∣∣p′ξ−p′/p1
)1/p′
+
( ∫
QTR
∣∣(−∆)γ/2ξ2∣∣p′ξ−p′/p1
)1/p′
.
Using inequalities (9) and (10), we may write( ∫
QTR
|v|pξ1
)1− 1
pq
 B1/q ·A (11)
and ( ∫
QTR
|u|qξ2
)1− 1
pq
 B ·A1/p. (12)
Now, in A, we use the variables (τ, y) defined by
t = Rτ and x = Rα/βy,
while in B, we use the variables (τ, y) defined by
t = Rτ and x = Rδ/γ y.
We then have the estimate( ∫
|v|pξ1
)1− 1
pq
 C{R−l1}1/qR−l2 , (13)
QTR
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l1 = δ − 1
p′
(
N
δ
γ
+ 1
)
, l2 = α − 1
q ′
(
N
α
β
+ 1
)
.
That is,
( ∫
QTR
|v|pξ1
)1− 1
pq
 CR−(l1/q+l2). (14)
Next, we argue as in the case of a single equation (see the argument below formula (5)
till the end of the proof) in case l1/q + l2  0. Note that the requirement l1/q + l2  0 is
equivalent to
N 
δ
q
+ α − (1 − 1
pq
)
δ
γ qp′ + αβq ′
. (15)
Using (12), we obtain, in a similar manner, the estimate
N 
α
p
+ δ − (1 − 1
pq
)
α
βpq ′ + δγp′
. (16)
Observe that either (15) or (16) is needed to obtain a contradiction, so it suffices to assume
1N max
{
δ
q
+ α − (1 − 1
pq
)
δ
γ qp′ + αβq ′
,
α
p
+ δ − (1 − 1
pq
)
α
βpq ′ + δγp′
}
. 
The case where f and g satisfy the above hypotheses may be proved easily along the
lines above and the case of a single equation as in the proof of Theorem 1.
Remark 3. When α = δ = 1, β = γ = 2, we recover the case studied by Escobedo and
Herrero [7], however we have to impose the constraint p > 1, q > 1 while Escobedo and
Herrero require pq > 1.
Remark 4. It is clear that the more general system{
Dα0|t (u − u0)+ (−∆)β/2(|u|m−1u) = h(x, t)|v|p + g(x, t)|u|r in Q,
Dδ0|t (v − v0)+ (−∆)γ/2(|v|m−1v) = k(x, t)|u|q + l(x, t)|v|s in Q,
could be analyzed with the same method.
The analysis, here performed, can be used to study systems of convective equations as
those, for example, considered by Ames and Straughan [1]. Here, we preferred less general
situations to render the ideas as clear as possible.
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This part is concerned with the establishment of necessary conditions for the existence
of local (as well as global) solutions to problems (STFE) and (FDS). It turns out that these
conditions depend on the behavior of the initial data and on the function h(x, t) (f (x, t)
and g(x, t) in case of (FDS)) for large x. Previous results concerning the problem{
ut = ∆u + h˜(x)|u|p in Q,
u(x,0) = u0(x) 0 in RN
(17)
are due to Kalashnikov [12] and to Baras and Kersner [3]. In particular, it is showed in [3]
that no local weak nonnegative solution to (17) exists if the initial data u0 satisfies
lim|x|→∞u
p−1
0 h˜(x) = +∞,
and any possible local weak nonnegative solution blows up at a finite time if
lim|x|→∞u
p−1
0 h˜(x)|x|2 = +∞.
The method developed there is adapted below to the problem (STFE) with, for simplicity
h(x, t) ≡ h(x); it will be clear that it can be used for the reaction–diffusion system (FDS).
We shall treat the case of a single equation.
Theorem 3. Let u be a local solution to problem (STFE) where T < +∞. Then we have
the estimate
lim inf|x|→∞
[
u0(x)
(
h(x)
)p′/p]CT α(1−p′)
for some positive constant C.
Proof. Let us consider the following test function:
ϕ(x, t) = Φ
(
x
R
){
(1 − t
T
)l, 0 < t  T ,
0, t > T ,
where Φ ∈ W 1,∞(RN) is nonnegative with suppΦ ⊂ {1 < |x| < 2} (supp stands for sup-
port) and satisfy(
(−∆)β/2Φ)+  kΦ for some constant k > 0.
The exponent l is any positive real number if p  1/(1 − α) and l > αp′ − 1 if p <
1/(1 − α). We have
Dαt |T
(
1 − t
T
)l
= ΛT −α
(
1 − t
T
)l−α
,
where Λ := Γ (1 + l)/Γ (1 + l − α).
M. Kirane et al. / J. Math. Anal. Appl. 312 (2005) 488–501 499Using the formulation (2) and a similar argument to the one which lead us to (4) but
keeping the first term in the left-hand side of (2), we obtain∫
QT
u0D
α
t |T ϕ(x, t) C
∫
QT
{(
Dαt |T ϕ
)p′
+ +
(
(−∆)β/2ϕ)p′+ }(hϕ)1−p′ (18)
for some positive constant C. Taking into account the hypotheses on l and the fact that
Dαt |T ϕ(x, t) = ΛΦ(x)T −α
(
1 − t
T
)l−α
,
if we put t = T τ and x = Ry in (18), we obtain
T 1−α
∫
RN
u0(Ry)Φ(y)
 CT 1−αp′
∫
RN
Φ(y)h1−p′(Ry) +CTR−βp′
∫
RN
Φ(y)h1−p′(Ry). (19)
Using the estimate
inf|y|>1
(
u0(Ry)h(Ry)
p′−1) ∫
RN
Φ(y)h(Ry)1−p′ 
∫
RN
u0(Ry)Φ(y)
in inequality (19) and dividing by the term ∫
RN
u0(Ry)Φ(y), we obtain
inf|y|>1
(
u0(Ry)h(Ry)
p′−1) C(T −α(p′−1) + T αR−βp′). (20)
Passing to the limit as R → +∞, we get
lim inf|x|→∞
(
u0(x)h(x)
p′−1)CT −α(p′−1).  (21)
Corollary 1. Assume that problem (STFE) has a nontrivial global nonnegative weak solu-
tion. Then
lim inf|x|→∞
(
u0(x)h(x)
p′−1)= 0.
Corollary 2. If lim inf|x|→∞(u0(x)h(x)p′−1) = +∞, then problem (STFE) cannot have
any local nontrivial nonnegative weak solution.
Corollary 3. If A := lim inf|x|→∞(u0(x)h(x)p′−1) > 0, then T α(p′−1)  C/A, where C is
the constant found in Theorem 3.
Theorem 4. Suppose that problem (STFE) has a nontrivial global nonnegative weak solu-
tion. Then, there is a positive constant K such that
lim inf|x|→∞
(
u0(x)|x|α(p′−1)h(x)1−p′
)
K.
500 M. Kirane et al. / J. Math. Anal. Appl. 312 (2005) 488–501Proof. In the relation
T 1−α
∫
RN
u0(Ry)Φ(y) C(T −α(p
′−1) + T αR−βp′)
∫
RN
Φ(y)h1−p′(Ry)
found in the proof of Theorem 1, we multiply by the expression
hp
′−1(Ry)|Ry|α(p′−1).h1−p′(Ry)|Ry|α(1−p′)
inside the integral in the left-hand side and by |Ry|α(p′−1).h1−p′(Ry) inside the integral in
the right-hand side. We obtain for Φ with suppΦ ⊂ {x: R < |x| < 2R},
inf|x|>R
(
u0(x)|x|α(p′−1)h(x)p′−1
) ∫
RN
Φ(y)|Ry|α(1−p′)h1−p′(Ry)
 C(T −α(p′−1) + T αR−βp′)(2R)α(p′−1)
∫
RN
Φ(y)|Ry|α(1−p′)h1−p′(Ry).
Finally, dividing by∫
RN
Φ(y)|Ry|α(1−p′)h1−p′(Ry)
and taking T = R, we end up with
inf|x|>R
(
u0(x)|x|α(p′−1)h(x)p′−1
)
 C(1 +R(α−β)p′).
The conclusion follows by passing to the limit and noticing that α < β . 
Combining the argument in the proof of Theorem 2 with those in the previous two
theorems, we obtain similar results (necessary conditions for local existence and for global
existence) as those in the previous two theorems and their corollaries for the case of system
(FDS). The details are omitted.
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